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We study the propagation of nanofiber-guided light through an array of atomic cesium, taking
into account the transitions between the hyperfine levels 6S1/2F = 4 and 6P3/2F
′ = 5 of the D2
line. We derive the coupled-mode propagation equation, the input-output equation, the scattering
matrix, the transfer matrix, and the reflection and transmission coefficients for the guided field in
the linear, quasistationary, weak-excitation regime. We show that, when the initial distribution of
populations of atomic ground-state sublevels is independent of the magnetic quantum number, the
quasilinear polarizations along the principal axes x and y, which are parallel and perpendicular,
respectively, to the radial direction of the atomic position, are not coupled to each other in the
linear coherent scattering process. When the guided probe field is quasilinearly polarized along the
major principal axis x, forward and backward scattering have different characteristics. We find that,
when the array period is far from the Bragg resonance, the backward scattering is weak. Under
the Bragg resonance, most of the guided probe light can be reflected back in a broad region of field
detunings even though there is an irreversible decay channel into radiation modes. When the atom
number is large enough, two different band gaps may be formed, whose properties depend on the
polarization of the guided probe field.
PACS numbers: 42.50.Nn, 42.50.Ct, 42.81.Dp, 42.81.Gs
I. INTRODUCTION
Nanofibers are optical fibers that are tapered to a di-
ameter comparable to or smaller than the wavelength
of light [1–3]. In such a thin fiber, the guided field
penetrates an appreciable distance into the surround-
ing medium in the form of an evanescent wave carry-
ing a significant fraction of the propagation power and
having a complex polarization pattern [4–6]. Nanofibers
have attracted considerable attention for a wide range
of potential practical applications [7]. Nanofiber-guided
light fields find applications for trapping atoms [8–10],
for probing atoms [11–21], molecules [22], quantum dots
[23], and color centers in nanodiamonds [24, 25], and for
mechanical manipulations of small particles [26–29].
Various applications in both fundamental and applied
physics requires the ability to control and manipulate
atoms [30–32]. In order to find an effective way to work
with atoms trapped outside a nanofiber, we need to know
the optical response of the atoms to a near-resonant
guided field propagating along the fiber. The absorp-
tion and scattering of guided light by a single atom have
been studied [11–13]. It has been shown for a two-level
atom [11] and a multilevel cesium atom [12] that, when
the transverse extension of the probe field in a guided
mode is close to the radiative cross section of the atom,
the latter becomes a significant scatterer.
Recent experimental progress has demonstrated that
the scattering of guided light from realistic atoms is very
different from the case of atoms in free space [18–20]. It
has been shown that, due to the existence of a longitudi-
nal component of the guided-mode profile function and
the complex transition structure of a realistic atom, the
rate of scattering of guided light from the atom into the
guided modes is asymmetric with respect to the forward
and backward directions and depends on the polarization
of the probe field [13]. Also, it has recently been demon-
strated experimentally that spin-orbit coupling of guided
light can lead to directional spontaneous emission [20].
The theory of propagation of guided light with complex
polarization in an atomic medium around a nanofiber has
been developed [33]. In that theory, the guided probe
field interacts with a single atomic transition and the
medium is disordered. Meanwhile, the experiments with
atom-waveguide interfaces [16–20] used linear arrays of
atoms prepared in a nanofiber-based optical dipole trap
[9, 10]. The theory of [33] can be used for atomic arrays
when the array period is far from the Bragg resonance
condition. However, when the array period is near to
the Bragg resonance, the discreteness and regularity of
the array may lead to significant effects, such as nearly
perfect atomic mirrors, photonic band gaps, long-range
interaction, and self-ordering [34–45]. In the prior work
for a periodic array of atoms along a waveguide [40, 41],
two-level atoms and scalar guided light fields were con-
sidered. In view of the recent results and insights, it is
necessary to develop a systematic theory for the prop-
agation of guided light in an atomic array taking into
account the vector nature of the guided field, the mul-
tilevel structure of the atoms, and the discreteness and
periodicity of the array.
In this paper, we study the propagation of nanofiber-
guided light through an array of multilevel atomic ce-
sium. We derive the coupled-mode propagation equa-
tion, the input-output equation, the scattering matrix,
the transfer matrix, and the reflection and transmission
coefficients for the guided field in the linear, quasista-
tionary, weak-excitation regime. In our treatment, we
take into account the specific polarization of the guided
2field, the multilevel structure of the atoms, and the dis-
creteness and periodicity of the atomic positions in the
array.
The paper is organized as follows. In Sec. II we present
a general theory for the propagation of guided light in a
linear atomic array. In Sec. III we investigate the reflec-
tion and transmission of quasilinearly polarized guided
light. In Sec. IV we present the results of numerical cal-
culations. Our conclusions are given in Sec. V.
II. PROPAGATION OF GUIDED LIGHT IN A
LINEAR ARRAY OF ATOMS
We consider the propagation of a guided light field
through a linear array of alkali-metal atoms trapped
along a nanofiber (see Fig. 1). The thin cylindrical sil-
ica fiber with radius a and refractive index n1 is sur-
rounded by vacuum with refractive index n2 = 1. Al-
though our theory is general and applicable, in principle,
to arbitrary multilevel atoms, we assume cesium atoms
throughout this paper. For simplicity, we neglect the ef-
fect of the surface-induced potential on the atomic energy
levels. This approximation is reasonable when the atoms
are not close to the fiber surface [46].
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FIG. 1. (Color online) Probing an array of atoms by a guided
light field propagating along a thin optical fiber.
A. Interaction of a single atom with guided light
We use the Cartesian coordinates {x, y, z} and the as-
sociated cylindrical coordinates {r, ϕ, z}, with z being the
fiber axis (see Fig. 1). We represent the electric compo-
nent of the guided light field as E = (Ee−iωLt+c.c.)/2 =
(Eue−iωLt + c.c.)/2, where ωL is the angular frequency
and E = Eu is the slowly varying envelope of the positive-
frequency part, with E and u being the field amplitude
and the polarization vector, respectively. We assume that
the guided probe field E propagates in the positive direc-
tion +z, from the left-hand side to the right-hand side of
Fig. 1. In general, the amplitude E is a complex scalar
and the polarization vector u is a complex unit vector.
We study the D2 line of atomic cesium, which oc-
curs at the wavelength λ0 = 852 nm and corresponds
to the transition from the ground state 6S1/2 to the ex-
cited state 6P3/2. We assume that the cesium atoms are
initially prepared in the hyperfine-structure (hfs) level
F = 4 of the ground state 6S1/2 and that the probe
field is tuned close to resonance with the transition from
this ground-state hfs level to the hfs level F ′ = 5 of the
excited state 6P3/2. Among the hfs components of the
D2 line, the transition 6S1/2F = 4 ↔ 6P3/2F ′ = 5 has
the strongest oscillator strength. Because of the selec-
tion rule ∆F = 0,±1, spontaneous emission from the
excited hfs level 6P3/2F
′ = 5 to the ground state is al-
ways to the hfs level 6S1/2F = 4, not to the other hfs
level 6S1/2F = 3. Therefore, the magnetic sublevels of
the hfs levels 6S1/2F = 4 and 6P3/2F
′ = 5 form a closed
set, which is used for laser cooling in magneto-optical
traps [47].
In order to describe the internal state of the cesium
atoms, we use the fiber axis z as the quantization axis.
In addition, we assume that the atoms are located on the
positive side of the axis x. For convenience, we introduce
the notations |e〉 ≡ |F ′M ′〉 and |g〉 ≡ |FM〉 for the Zee-
man (magnetic) sublevels F ′M ′ and FM of the hfs levels
6P3/2F
′ = 5 and 6S1/2F = 4, respectively. The spherical
tensor components of the dipole matrix-element vector
for the transition between |F ′M ′〉 and |FM〉 are given
by [48]
d
(q)
M ′M = (−1)I+J
′−M ′〈J ′‖D‖J〉
√
(2F + 1)(2F ′ + 1)
×
{
J ′ F ′ I
F J 1
}(
F 1 F ′
M q −M ′
)
, (1)
where q = M ′ −M = 0,±1. In Eq. (1), the array in the
curly braces is a 6j symbol, the array in the parentheses is
a 3j symbol, and 〈J ′‖D‖J〉 is the reduced electric-dipole
matrix element in the J basis. For the cesium D2 line,
we have 〈J ′‖D‖J〉 = 6.347 a.u. = 5.38× 10−29 C m [47].
We introduce the notation Eq with q = 0,±1 for the
spherical tensor components of the field envelope vector
E, that is, E−1 = (Ex − iEy)/
√
2, E0 = Ez, and E1 =
−(Ex + iEy)/
√
2. We assume that the probe field is a
classical coherent laser field. The interaction of a single
atom with the probe field is characterized by the set of
Rabi frequencies
Ωeg =
1
h¯
(deg · E) = 1
h¯
∑
q=0,±1
(−1)qd(q)eg E−q. (2)
The time evolution of the reduced density operator ρ of
3the atom is governed by the equations [12]
ρ˙ee′ =
i
2
∑
g
(Ωegρge′ − Ω∗e′gρeg)
− 1
2
∑
e′′
(γ
(tot)
ee′′ ρe′′e′ + γ
(tot)
e′′e′ ρee′′ ),
ρ˙gg′ = − i
2
∑
e
(Ωeg′ρge − Ω∗egρeg′ ) +
∑
ee′
γ
(tot)
e′eg′gρee′ ,
ρ˙eg = iδρeg +
i
2
∑
g′
Ωeg′ρg′g − i
2
∑
e′
Ωe′gρee′
− 1
2
∑
e′
γ
(tot)
ee′ ρe′g. (3)
Here, δ = ωL − ω0 is the detuning of the field from
the atomic transition frequency ω0 = ωe − ωg. The
coefficients γ
(tot)
ee′gg′ and γ
(tot)
ee′ characterize the effect of
spontaneous emission on the reduced density operator
of the atomic state. They are given as [49] γ
(tot)
ee′gg′ =
γ
(gyd)
ee′gg′ + γ
(rad)
ee′gg′ and γ
(tot)
ee′ =
∑
g γ
(tot)
ee′gg = γ
(gyd)
ee′ + γ
(rad)
ee′ .
Here, the set of coefficients γ
(gyd)
ee′gg′ and γ
(gyd)
ee′ =
∑
g γ
(gyd)
ee′gg
describes spontaneous emission into guided modes, and
the set of coefficients γ
(rad)
ee′gg′ and γ
(rad)
ee′ =
∑
g γ
(rad)
ee′gg de-
scribes spontaneous emission into radiation modes. The
total decay rate of the population of the excited magnetic
sublevel |e〉 is γ(tot)ee = γ(gyd)ee +γ(rad)ee . The explicit expres-
sions for the decay coefficients are given in Ref. [49] and
are summarized in Appendixes A and B. We assume that
the atoms are initially prepared in an incoherent mixture
of the magnetic sublevels |M〉 of the ground-state hyper-
fine level F and that the initial population distribution
of the atoms is flat with respect to M . We are interested
in the regime where the probe field E is stationary and
the atoms are weakly excited.
B. Photon flux amplitude
We now consider the time evolution of guided light
interacting with a linear array of atoms. We treat the
field quantum mechanically in this subsection. However,
in the next subsection, we will replace the quantum field
by a classical field. The use of the quantum description
is convenient for deriving the coupled-mode propagation
equation for the field.
We first consider a single mode of the guided light field
with the propagation direction f and the polarization p.
The index f = +1 or −1 (or simply + or −) stands
for the forward (+zˆ) or backward (−zˆ) propagation di-
rection, respectively. The index p is p = l or p = ξ
for the quasicircular or quasilinear polarization, respec-
tively. The index l = +1 or −1 (or simply + or −) refers
respectively to the counterclockwise or clockwise circula-
tion of the transverse component of the field with respect
to the positive direction of the fiber axis z. The index
ξ = x or y refers to the so-called major or minor princi-
pal axis, respectively, which is parallel or perpendicular,
respectively, to the radial direction of the positions of the
atoms in the array.
We assume that the spread in frequency of the field
around its central frequency ωL is sufficiently small that
the fiber dispersion can be neglected. The flux of energy
(power) of the field propagating along the fiber axis z
is given by Pz =
∫
S · zˆ d2r. Here, S is the Poynting
vector and
∫
d2r =
∫ 2pi
0
dϕ
∫∞
0
r dr is the integral over
the fiber cross-section plane. In the framework of the
rigorous fiber theory [50] and the continuous-mode field
quantization [11, 51, 52], the quantum-mechanical ex-
pression for the energy flux Pz is given by [53] Pz(z, t) =
h¯ωLA
†
fp(z, t)Afp(z, t), where
Afp(z, t) =
1√
2π
∫ ∞
0
dω aωfp(t)e
ifβ(ω)z (4)
is the generalized Fourier transform of the photon op-
erator aωfp(t) in the continuous-mode field quantization
[11, 51, 52]. Here, β = β(ω) is the longitudinal propaga-
tion constant of the guided field and is a function of the
mode frequency ω [50]. The photon operator Afp(z, t)
describes the annihilation of a guided photon in the time-
space domain [11, 51–53]. This operator characterizes
the amplitude of the energy flux of the guided field.
The photon operators aωfp(t) and a
†
ωfp(t) are the time-
dependent operators in the Heisenberg picture. They
satisfy the continuous-mode bosonic commutation rules
[aωfp(t), a
†
ω′f ′p′(t)] = δ(ω − ω′)δff ′δpp′ .
We label the atoms by the index j. Each atom j has
a set of upper levels |ej〉 with energy h¯ωej = h¯ωe and
a set of lower levels |gj〉 with energy h¯ωgj = h¯ωg. We
introduce the notation σabj = |aj〉〈bj |, where aj and bj
can be ej or gj. The downward and upward transitions of
the atoms are described by the operators σgej = |gj〉〈ej |
and σegj = σ
†
gej = |ej〉〈gj |, respectively. The atoms are
located at the positions with the Cartesian coordinates
(xj , yj , zj) or the corresponding cylindrical coordinates
(rj , ϕj , zj). We assume that the spatial displacements of
the atoms during the interaction time can be neglected.
The Hamiltonian for the interaction between the atoms
and the guided light field in the dipole and rotating-wave
approximations is given by
Hint = − ih¯√
2π
∫ ∞
0
dω
∑
fpegj
Gωfpegjσegjaωfpeifβzj +H.c.,
(5)
where
Gωflegj =
√
ω
2ǫ0h¯vg
[
degj · e(ωfl)(rj , ϕj)
]
eilϕj (6)
are the coupling coefficients for quasicircularly polarized
guided modes with the polarization index l = ± and
Gωfξegj =
√
ω
2ǫ0h¯vg
[
degj · e(ωfξ)(rj , ϕj)
]
(7)
4are the coupling coefficients for quasilinearly polarized
guided modes with the polarization index ξ = x, y.
Here, e(ωfl) and e(ωfξ) are the mode profile functions,
vg = dω/dβ is the group velocity of the guided field, and
degj is the matrix element of the electric dipole vector
for the transition |ej〉 ↔ |gj〉 of atom j. The explicit ex-
pressions for the guided-mode profile functions e(ωfl) and
e(ωfξ) are given in Refs. [6, 49, 50] and are summarized
in Appendix A.
It has been shown in Refs. [11, 53] that, under the
condition of weak interaction and narrow bandwidth, the
explicit expression for the energy flux amplitude Afp is
Afp(z, t) = A
(in)
fp (z, t) +
∑
egj
G∗fpegjσgej(t− |z − zj |/vg)
× exp[iωL(1/vp − 1/vg)|z − zj|]
×Θ[f (z − zj)]Θ(t− t0 − |z − zj |/vg). (8)
Here,
A
(in)
fp (z, t) =
1√
2π
∫ ∞
0
dω aωfp(t0)e
−iω(t−t0)eifβz (9)
is the injected field, with t0 being the initial time, Θ(x)
stands for the Heaviside step function, equal to zero for
negative argument and one for positive argument, and
vp = ω/β is the phase velocity. The group velocity vg
and the phase velocity vp are evaluated at the central
frequency ωL of the probe field. The notation Gfpegj ≡
GωLfpegj stands for the coupling coefficients estimated at
the central frequency ωL of the field. When the detuning
of the probe field from the atomic transition is small as
compared to the atomic transition frequency ω0 and to
the optical field frequency ω, we have Gfpegj ≃ Gω0fpegj .
C. Scattering matrix and coupled-mode
propagation equation
In order to derive the propagation equation for the
coupled photon flux amplitudesAfp(z, t), we differentiate
expression (9) with respect to z and t separately. When
we combine the results, we find
[
∂
f∂z
+ iωL(1/vg − 1/vp) + ∂
vg∂t
]
Afp(z, t)
=
∑
egj
G∗fpegjσgej(t)δ(z − zj). (10)
We introduce the variables
A˜fp(z, t) = Afp(z, t)e
iωLt,
σ˜gej(t) = σgej(t)e
iωLt,
σ˜ee′j(t) = σee′j(t),
σ˜gg′j(t) = σgg′j(t), (11)
which vary slowly in time. Then, we can transform
Eq. (10) to (
∂
f∂z
− iβL + ∂
vg∂t
)
A˜fp(z, t)
=
∑
egj
G∗fpegj σ˜gej(t)δ(z − zj). (12)
We note that, unlike the conventional one-dimensional
propagation equations, the expression on the left-hand
side of Eq. (12) contains the terms (−iβL+v−1g ∂/∂t)A˜fp.
The reason is that the temporal optical modulations of
the photon amplitude Afp are removed from the envelope
A˜fp but the spatial optical modulations are still kept. It
is convenient to keep the spatial optical dependence when
we study the coupling of different modes with different
propagation directions.
We introduce the atom number density
nA = nA(r, ϕ, z) =
∑
j
δ(x− xj)δ(y− yj)δ(z− zj). (13)
We replace an arbitrary discrete-variable function Φj by
a continuous-variable function Φ(r, ϕ, z). The summa-
tion over the atomic label j can be formally replaced by
the integration over the space with the help of the for-
mula
∑
j Φj =
∫∞
−∞
dz
∫
d2r nA(r, ϕ, z)Φ(r, ϕ, z). Then,
Eq. (12) becomes(
∂
f∂z
− iβL + ∂
vg∂t
)
A˜fp =
∫
d2r nA
∑
eg
G∗fpeg σ˜ge.
(14)
We note that the derivative with respect to the axial
coordinate z and the integral over the fiber cross-section
plane r = (x, y) in the above equation are formal because
the atom number density nA, given by Eq. (13), contains
the Dirac delta function. The use of this generalized-
function technique is a convenient way to describe the
sum over the discrete atom label j.
The mean value of the photon flux is given by Nfp =
〈A˜†fpA˜fp〉. We now assume that the guided probe light
field is in a coherent state or is simply a classical field.
In this case, we have Nfp = |〈A˜fp〉|2. In order to
get a propagation equation for such a field, we aver-
age Eq. (14) over the quantum state of the combined
atom-field system. When we use the notation Afp =
〈A˜fp〉 = 〈Afp(z, t)〉eiωLt for the mean value of the en-
velope of the photon flux amplitude and the notation
ρeg = 〈σ˜ge〉 = 〈σge(r, ϕ, z, t)〉eiωLt for the atomic transi-
tion coherence, we obtain(
∂
f∂z
− iβL + ∂
vg∂t
)
Afp =
∫
d2r nA
∑
eg
G∗fpegρeg.
(15)
We now assume that the field envelope Afp is a slowly
varying function of time t. In this case, we can neglect
the time derivative in Eq. (15) and obtain(
∂
f∂z
− iβL
)
Afp =
∫
d2r nA
∑
eg
G∗fpegρeg. (16)
5We use the approximate propagation equation (16) in
what follows.
Equation (16) is the axial (one-dimensional) propaga-
tion equation for the amplitude of the photon flux of the
guided light field. It is interesting to note that, even
though the field in a guided mode has three nonzero
spherical tensor components and is an evanescent wave
outside the fiber surface, the propagation of the field
through a gas medium can be described by a one-
dimensional equation. This propagation equation incor-
porates the complexity of the polarization vector struc-
ture and the evanescent-wave nature of the mode profile.
It follows from the Hamiltonian (5) and the transfor-
mation (11) that the time evolution of the density matrix
elements of the atom is governed by Eqs. (3). In terms
of the photon flux amplitudes Afp, the Rabi frequencies
Ωeg are given as
Ωeg = 2i
∑
fp
GfpegAfp. (17)
We consider the quasistationary regime where the
atomic transition coherence ρeg adiabatically follows the
driving field. This regime occurs when the characteris-
tic atomic decay rate γ or the field detuning δ is large
as compared to the characteristic Rabi frequency Ω, and
the interaction time t is large as compared to the charac-
teristic atomic lifetime τ = γ−1. In this regime, we can
neglect the time derivative of ρeg in the last equation in
Eqs. (3). Then, we obtain
iδρeg − 1
2
∑
e′
γ
(tot)
ee′ ρe′g =
i
2
∑
e′
Ωe′gρee′ − i
2
∑
g′
Ωeg′ρg′g.
(18)
We assume that the initial state of the atom is an in-
coherent mixture of the Zeeman sublevels of a hyperfine
level F the ground state, that is, ρgg′(t = 0) = δgg′pg.
Here, pg ≥ 0 and
∑
g pg = 1. In the particular case
where the initial population distribution pg is flat, we
have pg = 1/(2F + 1). We assume that the interaction
time is small as compared to the characteristic Rabi pe-
riod Ω−1 so that the effects of optical pumping are weak
and, consequently, the deviations of the atomic popula-
tions from the initial values are small. In this case, we
can use the approximations ρee′(t) ≃ 0 and ρgg′ (t) ≃
ρgg′(t = 0) = δgg′pg to calculate the atomic transition
coherence ρeg from Eq. (18). Furthermore, we assume
that the atom is not too close to the fiber. In this case,
the effect of the fiber on the spontaneous emission rate
is weak and, hence, we can use the generalized free-space
expression γ
(tot)
ee′ = δee′γ
(tot) for the decay coefficients
of the multilevel atom. Here, γ(tot) = γ(gyd) + γ(rad) is
the sublevel-averaged fiber-enhanced spontaneous emis-
sion rate, which contains the contributions γ(gyd) and
γ(rad) from the radiation and guided modes, respectively
[49]. From now on, we drop the upper label of γ(tot), that
is, we use the notation γ = γ(tot) = γ(gyd)+γ(rad). Then,
we find
ρeg = −pg Ωeg
2δ + iγ
= − 2
γ − 2iδ pg
∑
fp
GfpegAfp. (19)
We insert Eq. (19) into Eq. (16). Then, we obtain the
coupled-mode propagation equation(
∂
∂z
− ifβL
)
Afp = −
∫
d2r nA
∑
f ′p′
Sfpf ′p′Af ′p′ ,
(20)
where
Sfpf ′p′ =
2f
γ − 2iδ
∑
eg
pgG∗fpegGf ′p′eg (21)
characterizes scattering of guided light from the mode
f ′p′ into the mode fp or vice versa by a single atom in
the linear quasistationary weak-excitation regime. We
note that, since the emission of an atom into a guided
mode is much weaker than the total emission into all
the modes, we have |G∗fpegGf ′p′eg| ≪ γ, which leads to
|Sfpf ′p′ | ≪ 1.
The optical depth per atom of the linear atomic array
interacting with a single guided mode fp is given by
D = 2Re(fSfpfp) = 4γ
γ2 + 4δ2
∑
eg
pg|Gfpeg |2. (22)
In general, the optical depth per atom D depends on the
propagation direction f = ± and the polarization p of the
guided probe field. Due to the evanescent-wave profile of
the guided field in the fiber transverse plane, D decreases
with increasing distance r− a of the array from the fiber
surface.
We introduce the notation S for the square matrix con-
sisting of the matrix elements Sfpf ′p′ with the row index
fp and the column index f ′p′, the notation A for the
vector consisting of the components Afp with the index
fp, and the notation B for the diagonal square matrix
consisting of the matrix elements Bfpf ′p′ = δff ′δpp′fβL
with the row index fp and the column index f ′p′. Then,
we can rewrite Eq. (20) in the matrix form
∂
∂z
A =
(
iB−
∫
d2r nAS
)
A. (23)
The formal expression for the solution of Eq. (23) is
A(z) = Pˆ exp
(
i
∫ z
0
kA(z
′)dz′
)
A(0), (24)
where kA = B + i
∫
d2r nAS is the propagator and Pˆ
is the path-ordering operator with respect to the axial
coordinate z′ [54].
The matrix S is called the single-atom guided-field
scattering matrix. In order to get insight into the prop-
erties of S, we calculate the matrix elements Sfξf ′ξ′ in
the mode basis formed by quasilinearly polarized modes
6with the indices f = ± and ξ = x, y. As shown in Ap-
pendix C, when the atom is positioned on the x axis and
the initial population distribution pg is flat, we have
Sfxf ′y = Sfyf ′x = 0. (25)
Thus, the quasilinear polarizations along the principal
axes x and y (which are parallel and perpendicular to
the radial direction of the atomic position, respectively)
are not coupled to each other in the linear coherent scat-
tering process. Furthermore, according to Appendix C,
the nonzero matrix elements of the scattering matrix S
are
Sfxf ′x =
fu0
γ − 2iδ
(|er|2 + ff ′|ez|2), (26a)
Sfyf ′y =
fu0
γ − 2iδ |eϕ|
2. (26b)
Here, we have introduced the notations er, eϕ, and ez
for the cylindrical components of the guided-mode profile
function e(r, ϕ, z) of the forward counterclockwise quasi-
circularly polarized guided modes. The explicit expres-
sions for er, eϕ, and ez are given in Refs. [6, 49, 50] and
are summarized in Appendix A. We have also introduced
the notation
u0 =
2ωLD
2
FF ′
3(2F + 1)ǫ0h¯vg
, (27)
with DFF ′ being the reduced matrix element of the elec-
tric dipole operator for the atomic transitions between
the hyperfine levels F and F ′ of the ground and excited
states, respectively [see Eq. (C16)]. Equation (26a) shows
that the scattering coefficients Sfxf ′x with f
′ = f and
f ′ = −f are proportional to |er|2+ |ez|2 and |er|2−|ez|2,
respectively. This leads to the difference between the
forward and backward scattering in the case where the
guided probe field is quasilinearly polarized along the ma-
jor principal axis x. Meanwhile, Eq. (26b) shows that the
scattering coefficients Sfyf ′y do not depend on the prop-
agation direction f ′ of the guided probe field. Thus, the
scattering amplitudes for the forward and backward di-
rections have the same magnitude when the guided probe
field is quasilinearly polarized along the minor principal
axis y. The difference between the magnitudes of Sfxf ′x
and Sfyf ′y leads to the possibility of a manifestation of
birefringence [16].
D. Field-transfer matrix and input-output equation
We first consider an atom with the axial coordinate
z. We introduce the notations z± = limε→0+ z ± ε for
the limiting points. The fields A+,p(z−) and A−,p(z+)
with the propagation directions f = + and f = −, re-
spectively, at the left- and right-hand-side limiting points
z− and z+, respectively, can be interpreted as incoming
fields with respect to the atom. In contrast, the fields
A+,p(z+) and A−,p(z−) with the propagation directions
f = + and f = −, respectively, at the limiting points z+
and z−, respectively, can be considered as outgoing fields
with respect to the atom. According to the causal princi-
ple, the atom interacts with the incoming fields A±,p(z∓)
but not with the outgoing fields A±,p(z±). When we in-
tegrate Eq. (23) over an infinitely small interval around
the position z of the atom, we obtain
Afp(z+) = Afp(z−)−
∑
p′
Sf,p,+,p′A+,p′(z−)
−
∑
p′
Sf,p,−,p′A−,p′(z+). (28)
We can rewrite the above equation in the matrix form
A(z+) = MA(z−), (29)
where
M = (1+ S(−))−1(1− S(+)) (30)
is the single-atom field-transfer matrix. Here, we have
introduced the matrices S(+) and S(−) whose elements
are given as
S
(+)
fpf ′p′ = Sfpf ′p′δf ′,+,
S
(−)
fpf ′p′ = Sfpf ′p′δf ′,−. (31)
Note that S(+) + S(−) = S.
We now consider an atomic array. For convenience, we
label the atoms in the array in the order of the increasing
axial coordinate z. Then, we have z1 ≤ z2 ≤ · · · ≤
zN , where N is the number of atoms in the array. It
is clear from Eq. (21) that the scattering matrix S =
S(r, ϕ) depends on the position (r, ϕ) of the atom in the
fiber transverse plane through the coupling coefficients
Gfpeg = Gfpeg(r, ϕ). We introduce the notations Mj =
M(rj , ϕj). Then, we find that the change in the photon
flux amplitude vector A due to atom j is described by
the input-output relation
A(z+j ) = MjA(z
−
j ). (32)
It follows from Eq. (23) that the change in the photon
flux amplitude vector A due to the propagation along
the fiber in the atom-free path from atom j to atom j+1
is given by the formula
A(z−j+1) = FjA(z
+
j ), (33)
where
Fj = exp[iB(zj+1 − zj)] (34)
is the atom-free guided-field propagator. When we com-
bine the relations (32) and (33), we find the map
A(z+N ) = MNFN−1MN−1 · · ·F2M2F1M1A(z−1 ). (35)
We note that the map (35) includes multiple scattering
into the guided modes, which propagate along the atomic
7array in the positive (+z) and negative (−z) directions
of the fiber axis. However, for the effect of scattering into
the radiation modes, only single scattering is taken into
account in the map. Due to the linear geometry of the
atomic array, the effect of multiple scattering into the ra-
diation modes is weak and can therefore be neglected. We
note that the transfer matrix formalism has been applied
to a one-dimensional optical lattice of two-level atoms in
free space [34], a one-dimensional array of atomic layers
[36, 37], an array of two-level atoms along a waveguide
with a scalar light field [40, 41], an array of coherently
driven three-level atoms with a scalar light field [42, 43],
and an array of point-scatterers [44, 45].
We now assume that the atomic array is periodic along
the fiber axis, that is, zj+1− zj = Λ for j = 1, . . . , N − 1,
while xj = x0 and yj = y0 for j = 1, . . . , N . Such a pe-
riodic array can be called a grating or a one-dimensional
lattice of atoms. Periodic arrays of atoms along a
nanofiber have been experimentally realized in a two-
color nanofiber-based atom trap [9, 10, 19]. For the
above-described periodic atomic grating, we have Fj = F
and Mj = M, with
F = eiBΛ,
M = M(r0, ϕ0). (36)
Equation (35) then takes the input-output form
AR = WAL, (37)
where AL = A(z
−
1 ) and AR = A(z
+
N ) are the guided-
field amplitude vectors at the left- and right-side borders
of the atomic array, respectively (see Fig. 1). The nota-
tion
W = TN−1M (38)
stands for the total (multiatom) field-transfer matrix,
with
T = MF (39)
being the transfer matrix for a single spatial period of
the atomic array.
In the basis formed by the guided modes fp, we map
the mode indices (+, p), (+, p¯), (−, p), and (−, p¯) to the
numbers n = 1, 2, 3, and 4, respectively. We write AL =
(X
(in)
1 , X
(in)
2 , X3, X4) and AR = (X1, X2, X
(in)
3 , X
(in)
4 ).
Here, X
(in)
1 and X
(in)
2 are the amplitudes of the guided
fields in the modes fp with the positive propagation di-
rection f = +, which are incident onto the atomic ar-
ray from the left-hand side, and X
(in)
3 and X
(in)
4 are the
amplitudes of the guided fields in the modes fp with the
negative propagation direction f = −, which are incident
onto the atomic array from the right-hand side. Then,
we find from Eq. (37) the following solution:
X3 =
1
Q
[
W34
(
W41X
(in)
1 +W42X
(in)
2 −X(in)4
)
−W44
(
W31X
(in)
1 +W32X
(in)
2 −X(in)3
)]
,
X4 =
1
Q
[
W43
(
W31X
(in)
1 +W32X
(in)
2 −X(in)3
)
−W33
(
W41X
(in)
1 +W42X
(in)
2 −X(in)4
)]
, (40)
and
X1 =W11X
(in)
1 +W12X
(in)
2 +W13X3 +W14X4,
X2 =W21X
(in)
1 +W22X
(in)
2 +W23X3 +W24X4. (41)
Here, we have introduced the notation Q = W33W44 −
W34W43.
We note that, when the lattice constant Λ is not close
to any integer multiple of the in-fiber half-wavelength
λF /2 = π/βL of the probe field, the atomic array is far
off the Bragg resonance. In this case, the effect of the
interference between the beams reflected from different
atoms in the array is not significant and, therefore, we
can neglect the discreteness and periodicity of the atomic
array. This approximation means that we can use the
atom number distribution nA = (1/Λ)δ(x−x0)δ(y− y0),
which is constant in the axial coordinate z. With the use
of this approximation, Eq. (23) reduces to
∂
∂z
A =
(
iB− S
Λ
)
A. (42)
The solution to the above equation is given by Eq. (37)
with
W = e(iB−S/Λ)L. (43)
Here, we have assumed that z = 0 and z = L are the
left- and right-edge positions of the atomic medium, re-
spectively.
III. REFLECTION AND TRANSMISSION OF
GUIDED LIGHT
In this section, we study the reflection and transmis-
sion of quasilinearly polarized guided light fields.
A. Reflection and transmission coefficients
We use the basis formed by the guided modes fx and
fy, which are quasilinearly polarized along the princi-
pal directions x and y, respectively. In this basis, the
cross-polarization scattering matrix elements Sfxf ′y and
Sfyf ′x are, according to Eq. (25), zero. This means that
the modes with the orthogonal principal polarizations
x and y are not coupled to each other by the atoms
in the array. Therefore, we can derive a closed set of
8propagation equations for the guided modes with a sin-
gle principal quasilinear polarization ξ = x or ξ = y.
It is convenient to introduce the notations A+ = A+,ξ
and A− = A−,ξ for the field amplitudes of these modes.
Then, the amplitudes A±(N) and A±(0) of the fields at
the right and left ends of the linear N -atom array, re-
spectively, are related to each other by the equation( A+(N)
A−(N)
)
= W
( A+(0)
A−(0)
)
. (44)
Here, the notationW = (MF)N−1M stands for the total
transfer matrix, with
M =
(
1 S+−
0 1 + S−−
)−1(
1− S++ 0
−S−+ 1
)
=
(
M11 M12
M21 M22
)
(45)
being the field transfer matrix of a single atom and
F =
(
eiβLΛ 0
0 e−iβLΛ
)
(46)
being the propagator for the guided modes of the fiber
without atoms. In Eq. (45), we have used the abbrevia-
tion Sff ′ = Sfξf ′ξ, where f, f
′ = +,− and ξ = x, y, for
the scattering matrix elements of the guided modes with
a given quasilinear principal polarization ξ. It follows
from Eqs. (45) that the matrix elements of the single-
atom field transfer matrix M are
M11 = 1− S++ + S+−S−+
1 + S−−
,
M22 =
1
1 + S−−
,
M12 = − S+−
1 + S−−
,
M21 = − S−+
1 + S−−
. (47)
With the help of Eqs. (26), we find that the matrix ele-
ments are given, in the case of the fields with the major
principal polarization ξ = x, as
M11 =
(1− 2Sr)(1 − 2Sz)
1− Sr − Sz ,
M22 =
1
1− Sr − Sz ,
M21 = −M12 = Sr − Sz
1− Sr − Sz , (48)
and, in the case of the fields with the minor principal
polarization ξ = y, as
M11 =
1− 2Sϕ
1− Sϕ ,
M22 =
1
1− Sϕ ,
M21 = −M12 = Sϕ
1− Sϕ . (49)
Here, we have introduced the notations
Sr =
u0
γ − 2iδ |er|
2, (50a)
Sϕ =
u0
γ − 2iδ |eϕ|
2, (50b)
Sz =
u0
γ − 2iδ |ez|
2. (50c)
Note that M11M22 −M12M21 = 1.
The reflection and transmission coefficients of a single
atom are given by R = −M21/M22 and T = 1/M22, re-
spectively. The explicit expressions for these coefficients
are found, for the field with the polarization ξ = x, to be
R = −Sr + Sz,
T = 1− Sr − Sz, (51)
and, for the field with the polarization ξ = y, to be
R = −Sϕ, (52a)
T = 1− Sϕ. (52b)
It is clear that the coefficients R and T depend on the
principal polarization ξ = x, y of the guided light field.
Note that, according to Eqs. (52), the relation T = 1+
R is valid in the case of y-polarized guided fields, like the
cases of plane waves [34] and scalar guided fields [40, 41].
However, according to Eqs. (51), we have T 6= 1+R in the
case of x-polarized guided fields. The difference between
the transmission coefficient T and the coefficient 1 + R
is associated with the asymmetry between the forward
and backward scattering [13]. The physical origin of this
deviation lies in the complex vector nature of the local
polarization of x-polarized guided fields, which have a
longitudinal component ez with a relative phase of π/2
with respect to the transverse radial component er [see
Eqs. (A2) and (A11)].
Furthermore, comparison between Eqs. (21) and (26b)
yields u0|eϕ|2 = γ(y)1D . Here, γ(y)1D =
∑
feg γ
(fy)
eg /(2F + 1)
is a measure of the rate of decay into the y-polarized
guided modes, where γ
(fy)
eg is given by Eq. (C5). Then,
Eq. (50b) becomes Sϕ = γ
(y)
1D /(γ−2iδ). Hence, Eq. (52a)
indicates that, in the case of y-polarized guided fields, the
single-atom reflection coefficient is R = −γ(y)1D /(γ − 2iδ),
in agreement with Ref. [34].
By diagonalizing the single-period transfer matrix T =
MF, we find that the explicit expressions for the elements
of the total transfer matrix W are
W11 =M11
sinh(Nθ)
sinh θ
− e−iβLΛ sinh[(N − 1)θ]
sinh θ
,
W22 =M22
sinh(Nθ)
sinh θ
− eiβLΛ sinh[(N − 1)θ]
sinh θ
,
W21 = −W12 =M21 sinh(Nθ)
sinh θ
, (53)
where
θ = ln(D ±
√
D2 − 1), (54)
9with D = 12
(
M11e
iβLΛ + M22e
−iβLΛ
)
. Note that θ is,
in general, a complex number and satisfies the relations
cosh θ = D and sinh θ = ±√D2 − 1.
The reflection and transmission coefficients of the
atomic array are given by RN = −W21/W22 and TN =
1/W22, respectively. The explicit expressions for these
coefficients are found to be
RN =
R sinh(Nθ)
sinh(Nθ)− TeiβLΛ sinh[(N − 1)θ] ,
TN =
T sinh θ
sinh(Nθ)− TeiβLΛ sinh[(N − 1)θ] . (55)
We note that RN and TN satisfy the recurrence formulas
RN+1 = RN +
T 2NRe
2iβLΛ
1−RNRe2iβLΛ ,
TN+1 =
TNTe
iβLΛ
1−RNRe2iβLΛ , (56)
which are in agreement with ray optics. Like the single-
atom reflection and transmission coefficients R and T ,
the corresponding multi-atom coefficients RN and TN de-
pend on the principal polarization ξ = x, y of the guided
light field. In addition, since the parameter θ is, in gen-
eral, a complex number, the coefficients RN and TN may
oscillate when the atom number N or the array period Λ
varies.
The reflectivity and transmittivity of the atomic grat-
ing are given by |RN |2 and |TN |2, respectively. A Bragg
resonance occurs when the period of the grating and the
propagation constant of the light field are such that the
reflectivity |RN |2 achieves a local maximum. When the
field phase shift caused by a single atom is small, the
Bragg resonance is approximately determined by the ge-
ometric Bragg condition βLΛ = nπ, where n = 1, 2, . . .
is a positive integer number. Under this condition, the
waves reflected from different atoms in the array are al-
most in phase and, therefore, the reflectivity |RN |2 is
expected to achieve a local maximum.
In the case of lossless Bragg gratings, we have the
equality |RN |2 + |TN |2 = 1. In this case, the trans-
mittivity |TN |2 has a local minimum at the Bragg res-
onance, where the reflectivity |RN |2 has a local maxi-
mum. However, in the case of periodic atomic arrays
considered here, due to the presence of spontaneous emis-
sion into the radiation modes, we have the inequality
|RN |2 + |TN |2 < 1. Due to this fact, both the trans-
mittivity |TN |2 and the reflectivity |RN |2 may have local
peaks at the Bragg resonance (see Fig. 11 and the dis-
cussion around this figure in the next section).
B. Bragg resonance
Let us analyze the specific case where the geometric
Bragg resonance condition is satisfied, that is, βLΛ = nπ,
with n = 1, 2, . . . being the order of the Bragg resonance.
In this case, with the use of the transformation θ = ϑ +
inπ, we can rewrite Eqs. (55) as
RN =
R sinh(Nϑ)
sinh(Nϑ)− T sinh[(N − 1)ϑ] , (57a)
TN = (−1)(N+1)n T sinhϑ
sinh(Nϑ)− T sinh[(N − 1)ϑ] . (57b)
In the case of x polarization, the parameter ϑ is found to
be ϑ = ϑr + iϑi ≃ 2γs/(γ − 2iδ), where
ϑr ≡ Re(ϑ) ≃ 2γsγ
γ2 + 4δ2
, (58a)
ϑi ≡ Im(ϑ) ≃ 4γsδ
γ2 + 4δ2
, (58b)
with
γs = u0|erez|. (59)
In the case of y polarization, we have ϑ = 0.
We note that the parameter γs originates from the dif-
ference between S++S−− and S+−S−+ in the case of x
polarization. The magnitude of γs cannot exceed the
magnitude of the rate γ(gyd) of spontaneous emission into
guided modes. Since γ(gyd) is essentially smaller than the
total decay rate γ, we have the relation γs ≪ γ, which
leads to |ϑ| ≪ 1.
We now consider the x- and y-polarized guided fields
separately.
1. Case of x-polarized guided fields
In the case where the transmitted and reflected guided
fields are polarized along the major principal axis x,
we have γs = u0|erez| 6= 0. The fact that γs is
nonzero in this case is a consequence of the difference
between the scattering matrix elements Sfxfx = Sff
and Sfxf¯x = Sff¯ , which characterize the forward and
backward scattering processes, respectively. The non-
vanishing γs is related to the nonvanishing off-diagonal
spontaneous emission coefficients γ
(fx)
e,e±1, and is a result
of the existence of the longitudinal component ez of the
mode profile function e(ωfx). Since γs 6= 0, the real part
ϑr ≡ Re(ϑ) [see Eq. (58a)] is nonzero and the imaginary
part ϑi ≡ Im(ϑ) [see Eq. (58b)] depends on the field de-
tuning δ. When δ 6= 0, we have ϑi 6= 0. This leads
to modulations of the function sinh(Nϑ) when N varies.
Furthermore, due to the dependence of ϑi on δ, the func-
tion sinh(Nϑ) oscillates when δ varies. Consequently,
the reflectivity |RN |2, which is governed by the factor
| sinh(Nϑ)|2 [see Eq. (57a)], may modulate when N or δ
varies. The nonzero value of ϑr leads to a decreasing be-
havior of the envelope of the modulations of |RN |2 when
N increases at a nonzero detuning δ [see the dashed red
curve of Fig. 8(b) and the discussion around this figure
in the next section]. A simple qualitative estimate shows
that the strength of the reduction of the envelope is pro-
portional to the factor Nϑr ≃ 2γsγN/(γ2 + 4δ2). When
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Nϑr ≫ 1, that is, when 2γsγN ≫ γ2 + 4δ2, we can use
the approximation sinh(Nϑ) ≃ eNϑ/2. When we apply
this approximation to Eqs. (57), we obtain
RN → R∞ = R
1− Te−ϑ ,
TN → 0.
(60)
With the help of Eqs. (51) and (58), we find
R∞ ≃ −|er| − |ez||er|+ |ez| . (61)
It is clear that the limiting value R∞ is determined by
the guided-mode profile functions er and ez only. It does
not depend on the other parameters. In particular, R∞
does not depend on the detuning δ. Thus, when N is
large enough and δ is small enough, under the Bragg reso-
nance condition, the modulations of |RN |2 are suppressed
and the magnitude of |RN |2 does not vary significantly
and approaches a constant value given by Eq. (61) [see
the asymptotic behavior of the curves in Fig. 8(b), the
plateaus in Figs. 12(b) and 13(a), the central plateau in
Fig. 14(a), and the discussions around these figures in the
next section]. Since |er| > |ez| > 0, we have |R∞|2 < 1,
that is, the limiting value |R∞|2 of the reflectivity for the
x-polarized guided fields is strictly smaller than unity.
Since the limiting value |R∞|2 does not depend on the
detuning δ, a plateau may appear in the frequency de-
pendence of the reflectivity |RN |2 whenN is large enough
[see Fig. 13(a)]. The condition for the appearance of such
a plateau is N ≫ γ/γs. The characteristic values of the
edges of this plateau are ±δflat. When N ≪ vg/γΛ, we
obtain the estimate δflat ≃
√
γsγN/2.
2. Case of y-polarized guided fields
In the case where the transmitted and reflected guided
fields are polarized along the minor principal axis y, we
have Sfyfy = Sfyf¯y, that is, Sff = Sff¯ . This leads
to ϑ = 0. Then, the application of l’Hospital’s rule to
Eqs. (57) yields
RN =
NR
1− (N − 1)R,
TN = (−1)(N+1)n T
1− (N − 1)R, (62)
With the use of Eqs. (52) for R and T , we find
RN = − Nu0|eϕ|
2
γ − 2iδ + (N − 1)u0|eϕ|2 ,
TN = (−1)(N+1)n γ − 2iδ − u0|eϕ|
2
γ − 2iδ + (N − 1)u0|eϕ|2 . (63)
It is clear that, when N or δ varies, no modulations of
|RN |2 are observed in the case of the y polarization, un-
like in the case of x polarization. According to the first
expression in Eqs. (63), the reflectivity |RN |2 under the
Bragg resonance condition βLΛ = nπ is a Lorentzian
function of the atom-field detuning δ. The peak value
of this function is {Nu0|eϕ|2/[γ + (N − 1)u0|eϕ|2]}2 and
is achieved at the exact atomic resonance δ = 0. The
linewidth is γ + (N − 1)u0|eϕ|2 and increases with in-
creasing N .
In the limit N →∞, we have
RN → −1 (64)
and TN → 0, that is, |RN |2 → 1 and |TN |2 → 0 (under
the condition R 6= 0). This result means that the atomic
array under the Bragg resonance condition can act as a
perfect mirror for the y-polarized guided light fields in the
limit of an infinitely large number of atoms (N →∞) [see
Figs. 15(a) and 16(b) and the discussions around these
figures]. The loss due to the scattering into the radiation
modes is suppressed due to the collective enhancement
of scattering into the backward guided modes.
In the limit NR ≪ 1, Eqs. (62) yield RN ≃ NR +
N(N−1)R2 and TN ≃ (−1)(N+1)n[T+(N−1)RT+(N−
1)2R2T ]. The last terms in these expressions contain N2.
They are signatures of the collective effects.
We note that the Bragg resonance condition βLΛ =
nπ, considered in this subsection, involves the frequency
ωL of the guided light field. This condition is slightly
different from the condition β0Λ = nπ [40]. When we
vary the frequency ωL of the guided light field in a fi-
nite range but fix all the other parameters, the condition
βLΛ = nπ is broken and, consequently, the dependence of
the reflectivity |RN |2 on the field detuning is not strictly
a Lorentzian function. At the exact atomic resonance
(ωL = ω0), the conditions βLΛ = nπ and β0Λ = nπ are
equivalent to each other.
C. Band gaps
We consider the case where the frequency ωL of the
guided probe field may be detuned from but is still
near to a Bragg resonance. In this case, we can write
βLΛ = nπ + φ, where n = 1, 2, . . . is the order of the
Bragg resonance and |φ| ≪ 1 is a small quantity charac-
terizing the mismatch between the spatial period of the
guided probe field and that of the atomic array. We in-
troduce the lattice Bragg resonance frequency ωlat that
is determined by the equation β(ωlat)Λ = nπ. Then,
we have φ ≃ (ωL − ωlat)Λ/vg. The complex parame-
ter θ, defined by Eq. (54), can be presented in the form
θ = ϑ+ inπ, where the parameter ϑ is determined by the
equation
coshϑ =
M11 +M22
2
cosφ+
M11 −M22
2
i sinφ. (65)
Since |M11−1| ≪ 1, |M22−1| ≪ 1, and |φ| ≪ 1, we have
|ϑ| ≪ 1. When we expand Eq. (65) into a Taylor series
and keep only terms up to second order, we find
ϑ ≃
√
M11 +M22 − 2 + i(M11 −M22)φ− φ2. (66)
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In deriving the above expression we have chosen, without
loss of generality, the solution ϑ with Re(ϑ) > 0 or with
Re(ϑ) = 0 and Im(ϑ) ≥ 0.
The parameter −iϑ characterizes the quasimomentum
of the Bloch states of the infinite periodic atomic lattice
[34]. The band-gap frequencies are defined as the fre-
quencies that lead to, even in the absence of scattering
losses, a nonzero imaginary part of the quasimomentum,
that is, to a nonzero real part of ϑ. In the band gap
region, the reflectivity and transmittivity coefficients of
the atomic array in the limit N → ∞ are found from
Eqs. (55) to be
R∞ =
R
1− Teiφ−ϑ (67)
and T∞ = 0. Since |φ| ≪ 1, |ϑ| ≪ 1, and T ≃ 1,
expression (67) can be approximated by R∞ ≃ R/(1 −
T − iφ+ ϑ).
Below we consider the cases of x- and y-polarized
guided fields separately.
1. Case of x-polarized guided fields
In the case of x-polarized guided probe fields, the ma-
trix elements M11 and M22 are given by Eqs. (48). In
this case, Eq. (66) gives
ϑ ≃
√
4SrSz − 2i(Sr + Sz)φ − φ2. (68)
When we neglect Re(Sr) and Re(Sz), which are associ-
ated with the scattering loss [see Eqs. (50)], we obtain
the condition −4Im(Sr)Im(Sz)+2Im(Sr+Sz)φ−φ2 > 0
for the band-gap appearance. This condition requires ei-
ther 2Im(Sz) < φ < 2Im(Sr) or 2Im(Sr) < φ < 2Im(Sz).
Note that φ ≃ (δ − δlat)Λ/vg, where δlat = ωlat − ω0.
Hence, with the help of expressions (50a) and (50c) for
Sr and Sz, respectively, we find the band gap conditions
u0|ez|2 4δ
γ2 + 4δ2
<
Λ
vg
(δ − δlat) < u0|er|2 4δ
γ2 + 4δ2
,
u0|er|2 4δ
γ2 + 4δ2
<
Λ
vg
(δ − δlat) < u0|ez|2 4δ
γ2 + 4δ2
. (69)
Note that u0|er|2 and u0|ez|2 are on the order of the
characteristic rate γ(gyd) of spontaneous emission from
an atom into the guided modes, while vg/Λ is on the
order of the atomic frequency ω0. When the atoms are
not too far away from the fiber and δlat is not too large,
we have √
u0|er,z|2vg/Λ≫ γ, |δlat|. (70)
Under this condition, the edges of the band gaps are far
from the atomic resonance. Hence, we can neglect γ when
evaluating the edges. Then, we find two band gaps that
are positioned symmetrically with respect to the middle
point ωc = (ω0+ωlat)/2 between the atomic frequency ω0
and the lattice frequency ωlat. The two band gaps extend
over the frequency range from ωc−∆max to ωc−∆min and
from ωc +∆min to ωc +∆max. Here, we have introduced
the notations
∆max =
√
δ2lat
4
+
u0|er|2vg
Λ
,
∆min =
√
δ2lat
4
+
u0|ez|2vg
Λ
. (71)
Note that, since |er| > |ez|, we have ∆max > ∆min. The
two band gaps have the same width
∆gap =
√
δ2lat
4
+
u0|er|2vg
Λ
−
√
δ2lat
4
+
u0|ez|2vg
Λ
. (72)
The band gaps will be formed when the number of
atoms N is sufficiently large that NRe(ϑgap)≫ 1, where
ϑgap is the characteristic value of ϑ in the band gap re-
gion. Hence, the threshold value of the atom number re-
quired to create band gaps is Ngap = 1/Re(ϑgap). Under
the condition (70), we find that, in the band gap region,
ϑ is approximately a real parameter, with the peak value
ϑ ≃√u0Λ/vg(|er| − |ez|) ≡ ϑgap, achieved at the detun-
ings δ ≃ ±√u0|erez|vg/Λ ≡ ±δmid. Using this estimate
for ϑgap, we obtain Ngap =
√
vg/u0Λ/(|er| − |ez|). Fur-
thermore, the characteristic reflectivity coefficient in the
band gap region is found to be
Rgap ≡ R∞(±δmid) ≃ −
√|er| ± i√|ez|√|er| ∓ i√|ez|
×
(
1− γ
2
√
u0vg/Λ(|er| − |ez|)
)
. (73)
Our numerical calculations for the fiber with the radius
a = 250 nm and for a guided light field with the wave-
length λ = 852 nm show that, outside the fiber, we have
2.1 > |er|/|ez| > 1.75. This leads to |er| − |ez| ∼ |er| ∼
|ez|. Hence, under the condition (70), we can neglect the
second term in the second line of Eq. (73) and obtain
|Rgap|2 ≃ 1.
2. Case of y-polarized guided fields
In the case of y-polarized guided probe fields, the ma-
trix elements M11 and M22 are given by Eqs. (49). In
this case, Eq. (66) yields
ϑ ≃
√
−2iSϕφ− φ2. (74)
When we neglect Re(Sϕ), which corresponds to the scat-
tering loss, we obtain the condition φ[2Im(Sϕ) − φ] > 0
for the band-gap appearance. This condition requires ei-
ther 2Im(Sϕ) < φ < 0 or 0 < φ < 2Im(Sϕ). Using the
expression φ ≃ (δ − δlat)Λ/vg and expression (50b) for
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Sϕ, we find the band gap conditions
u0|eϕ|2 4δ
γ2 + 4δ2
<
Λ
vg
(δ − δlat) < 0,
0 <
Λ
vg
(δ − δlat) < u0|eϕ|2 4δ
γ2 + 4δ2
. (75)
When the atoms are not too far away from the fiber and
δlat is not too large, we have√
u0|eϕ|2vg/Λ≫ γ, |δlat|. (76)
Under this condition, the outer edges of the band gaps
are far from the atomic resonance. Hence, we can ne-
glect γ in evaluating the outer edges. Meanwhile, the
lattice frequency ωlat is always an inner edge, and, for
ωlat 6= ω0, there is another inner edge that almost co-
incides with the atomic frequency ω0. Then, we obtain
two band gaps that are positioned symmetrically with
respect to the middle point ωc between the atomic fre-
quency ω0 and the lattice frequency ωlat. They extend
over the frequency range from ωc −∆max to ωc +∆max,
with frequencies between the atomic frequency ω0 and
the lattice frequency ωlat excluded [34]. Here, we have
introduced the notation
∆max =
√
δ2lat
4
+
u0|eϕ|2vg
Λ
. (77)
The two band gaps have the same width
∆gap =
√
δ2lat
4
+
u0|eϕ|2vg
Λ
− |δlat|
2
. (78)
The band gaps will be formed when N ≫ Ngap ≡
1/Re(ϑgap), where ϑgap is the characteristic value of
ϑ in the band gap region. Under the condition (76),
Eq. (74) yields ϑ ≃ √3u0|eϕ|2Λ/4vg ≡ ϑgap for the
middle points δ ≃ ±(1/2)√u0|eϕ|2vg/Λ ≡ ±δmid of
the band gaps. Using this estimate for ϑgap, we find
Ngap =
√
4vg/3u0Λ/|eϕ|. Furthermore, the characteris-
tic reflectivity coefficient in the band gap region is found
to be
Rgap ≡ R∞(±δmid) ≃ −1± i
√
3
2
×
(
1− γ√
3u0|eϕ|2vg/Λ
)
. (79)
Due to the condition (76), we can neglect the second
term in the second line of Eq. (79) and obtain |Rgap|2 ≃
1. The above results for y-polarized guided fields are in
agreement with the results for a one-dimensional optical
lattice of two-level atoms in free space [34] and for an
array of two-level atoms along a waveguide with a scalar
field [40, 55].
IV. NUMERICAL RESULTS
In this section, we present and discuss the results of
numerical calculations. As already stated, we consider
the transitions between the hyperfine levels 6S1/2F = 4
and 6P3/2F
′ = 5 of theD2 line of atomic cesium, with the
wavelength λ0 = 852 nm. The atom is positioned on the
positive side of the axis x. In the numerical calculations,
we use the fiber radius a = 250 nm.
We use Eq. (21) to calculate the scattering matrix S,
use Eq. (35) to calculate the photon flux amplitudes Afp,
and use the coherent-field approximation Nfp ≃ |Afp|2
to calculate the photon flux Nfp. The propagation
power of the guided probe light field is assumed to be
much lower than the saturation power Psat = 4.4 pW.
Here, Psat is estimated as the power of a quasicircu-
larly polarized guided light field that produces the in-
tensity I ≡ cǫ0|E|2/2 = Isat on the fiber surface, where
Isat = 1.1 mW/cm
2 is the saturation intensity for a ce-
sium atom with the cyclic transition [47]. Our results
are valid in the linear, quasistationary, weak-excitation
regime, where the interaction time is short enough that
the redistribution of populations of the Zeeman sublevels
of the ground state is small.
According to Eq. (22), the real part of the diagonal
matrix element Sfpfp determines the optical depth per
atom D for the field of the guided mode fp in the lin-
ear, quasistationary, weak-excitation regime. We plot in
Fig. 2 the dependencies of D on the radial position r
of the atom and on the detuning δ of the guided probe
field. We observe that the optical depth per atom D
can be significant even when the atom is not close to the
fiber surface. For example, for the parameters r/a = 1.8
and δ = 0, we obtain D ≃ 0.036 for the quasicircular
polarization and D ≃ 0.053 and 0.019 for the x and y
polarizations, respectively. We note that, in the steady-
state regime, where the redistribution of populations of
the Zeeman sublevels of the ground state has taken place,
the optical depth per atom (equivalent to the efficiency
of loss per atom in the context of scattering) can become
higher [13].
According to the previous section, the single-atom re-
flection and transmission coefficients R and T , respec-
tively, are determined by Eqs. (51) and (52) for the x-
and y-polarized fields, respectively. We plot in Fig. 3
the dependencies of the single-atom reflectivity |R|2 and
transmittivity |T |2 on the radial position of the atom and
the detuning of the guided probe field. We observe that
the single-atom reflectivity |R|2 is rather small. The max-
imum value of |R|2 is about 0.009, achieved when the field
is resonant and x polarized and the atom is on the fiber
surface. We note that the magnitude of |R|2 at δ = 0 is
on the order of (γ(gyd)/γ)2. Meanwhile, the single-atom
transmittivity |T |2 can be significantly smaller than unity
even when the atom is not close to the fiber surface. This
is a result of the significant loss into the radiation modes.
We note the approximate relation 1 − |T |2 ≃ D between
the single-atom transmittivity |T |2 and the optical depth
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FIG. 2. (Color online) Dependencies of the optical depth
per atom D on the radial position of the atom (a) and the
detuning of the guided probe field (b) in the cases where
the guided probe field is quasicircularly polarized (solid black
lines), quasilinearly polarized along the x direction (dashed
red lines), and quasilinearly polarized along the y direction
(dotted green lines). The fiber radius is a = 250 nm and the
light wavelength is λ = 852 nm. The atom is located on the
x axis. In (a), the field is tuned to exact resonance with the
atom. In (b), the radial position of the atom is r/a = 1.8.
per atom D.
We plot in Figs. 4–6 the dependencies of the powers
Pfp = h¯ωNfp on the number N of atoms in the array
in the cases where the probe field is quasicircularly po-
larized, x polarized, and y polarized, respectively. In the
calculations for these figures, we use the array period
Λ = 498 nm, which is a half of the in-fiber wavelength of
the red-detuned standing-wave guided light field in the
atom trap realized in the experiment [9]. The powers Pfy
and Pfx are zero in the cases of Figs. 5 and 6, respectively,
and are therefore not plotted. Figures 4(a), 5(a), and
6(a) show that the power of the field in the input mode
reduces with increasing atom number N . Figure 4(b)
shows that, in the case where the input field is counter-
clockwise (or clockwise) quasicircularly polarized, a new
polarization, namely the clockwise (or counterclockwise)
quasicircular polarization, is generated during the prop-
agation process. Figures 4(c), 4(d), 5(b), and 6(b) show
that the coherent backward scattering is very weak. In
addition, we observe from these figures that the powers
of the backward guided modes modulate with increas-
ing number of atoms in the array. Such oscillations are
the results of the interference between the light waves re-
flected from different atoms in the array. The modulation
period is determined by the mismatch between the array
period Λ and the in-fiber half-wavelength λF /2 = π/βL
of the probe light. The irregularities of the oscillations
observed in the figures are due to the fact that the num-
ber of atoms in the array is a discrete variable. We note
that the normalized powers Pfξ/Pinput of the transmitted
(f = +) and reflected (f = −) fields with the quasilin-
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FIG. 3. (Color online) Dependencies of the single-atom reflec-
tivity |R|2 (upper row) and transmittivity |T |2 (lower row) on
the radial position of the atom (left column) and the detuning
of the guided probe field (right column) in the cases where the
guided probe field is quasilinearly polarized along the x direc-
tion (solid blue lines) and the y direction (dashed red lines).
The atom is located on the x axis. In (a) and (c), the field is
tuned to exact resonance with the atom. In (b) and (d), the
radial position of the atom is r/a = 1.8. Other parameters
are as in Fig. 2.
ear polarization ξ = x, y are equal to the transmittivity
|TN |2 and the reflectivity |RN |2, respectively.
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FIG. 4. Powers Pfl of quasicircularly guided modes fl, nor-
malized to the input-field power Pinput, as functions of the
number N of atoms in the array. The input guided probe field
propagates along the fiber in the positive direction +z and is
counterclockwise (l = +) quasicircularly polarized. The dis-
tance from the atoms to the fiber surface is r − a = 200 nm.
The period of the array is Λ = 498 nm. The detuning of the
field is δ = 0. Other parameters are as in Fig. 2.
A Bragg resonance occurs when βLΛ is an integer mul-
tiple of π. We plot in Figs. 7–9 the results of calculations
for Pfp in the case of the Bragg resonance. In the frame-
work of our treatment, where the interference between
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FIG. 5. Powers Pfx of quasilinearly guided modes fx, nor-
malized to the input-field power Pinput, as functions of the
number N of atoms in the array. The input guided probe
field propagates along the fiber in the positive direction +z
and is quasilinearly polarized along the major principal axis
x, which is the radial direction of the atomic position. The
distance from the atoms to the fiber surface is r − a = 200
nm. The period of the array is Λ = 498 nm. The detuning
of the field is δ = 0. Other parameters are as in Fig. 2. The
powers Pfy are zero in the considered case and are therefore
not plotted.
the fields scattered from different atoms into the radi-
ation modes is not taken into account, the magnitudes
of the reflectivity |RN |2 and transmittivity |TN |2 of the
atomic array for the guided fields do not depend on the
order of the Bragg resonance. However, to be specific, we
take the value Λ = 745 nm, which satisfies the second-
order Bragg resonance condition βLΛ = 2π for the probe
field with the atomic resonance frequency ωL = ω0. We
avoid the first-order Bragg resonance with the aim to
minimize the effects of the direct dipole-dipole interac-
tion between the atoms. We note that the above specific
choice of Λ corresponds to ωlat = ω0, that is, to δlat = 0.
We observe from Figs. 7–9 that the backward scatter-
ing becomes significant due to the Bragg resonance. De-
pending on the polarization and the detuning of the in-
put guided probe field, a significant fraction (more than
78% for N = 800) of guided light can be scattered into
the backward direction [see Fig. 9(b)]. Close inspection
of the solid blue lines of Figs. 7(a), 8(a), and 9(a) and
comparison with Figs. 4(a), 5(a), and 6(a), respectively,
reveal that the Bragg resonance condition also leads to
an increase in the transmission of the guided probe field.
We note that a significant backward scattering may occur
not only when the guided probe field is at exact resonance
with the atoms (solid blue lines) but also when the field
is detuned from resonance with the atoms (dashed red
lines). Comparison between the dashed red lines (for the
case of δ/2π = 10 MHz) and the solid blue lines (for the
case of δ = 0) in parts (a) of Figs. 7–9 shows that a fi-
nite detuning δ leads to, in general, an increase in the
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FIG. 6. Powers Pfy of quasilinearly guided modes fy, nor-
malized to the input-field power Pinput, as functions of the
number N of atoms in the array. The input guided probe
field propagates along the fiber in the positive direction +z
and is quasilinearly polarized along the minor principal axis
y, which is perpendicular to the radial direction of the atomic
position. The distance from the atoms to the fiber surface is
r − a = 200 nm. The period of the array is Λ = 498 nm.
The detuning of the field is δ = 0. Other parameters are as
in Fig. 2. The powers Pfx are zero in the considered case and
are therefore not plotted.
transmission of the guided probe field. Such an increase
is an obvious result of the reduction of the atomic ex-
citation. Comparison between the dashed red line and
the solid blue line in Fig. 8(b) shows that, depending on
the polarization of the input guided probe field and the
number of atoms, a finite detuning δ may lead to an in-
crease in the backward scattering. Such an increase is a
result of the competition between the scattering into the
backward guided modes on one hand and the scattering
into the radiation modes and the forward guided modes
on the other hand. In the limit N → ∞, the curves in
Fig. 8(b) for the reflected x-polarized guided field tend to
a constant value |R∞|2 ≃ 0.087 < 1, in agreement with
Eq. (61). In the same limit, the curves in Fig. 9(b) for
the reflected y-polarized guided field approach unity, in
agreement with Eq. (64). Thus, in the limit N →∞ and
under the condition of the Bragg resonance, the reflec-
tivity of the y-polarized guided field is larger than that
of the x-polarized guided field.
We plot in Fig. 10 the total power Ptot =
∑
fp Pfp as
a function of the number N of atoms in the array. The
dashed red lines, calculated for the case Λ = 498 nm,
show that, when the array period is far from the Bragg
resonance, the total guided-mode power Ptot reduces to a
small quantity of the order of 10−4 with increasing num-
ber N of atoms. The solid blue lines, calculated for the
case of the Bragg resonance with Λ = 2π/βL = 745 nm,
show that, in this condition, depending on the polariza-
tion of the input probe field, Ptot may first decrease and
then approach a constant nonzero value or rebound with
increasing atom number N . The rebound of the total
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FIG. 7. (Color online) Same as Fig. 4 but the period of the
array is Λ = 2pi/βL = 745 nm and the field detuning is δ = 0
(solid blue curves) or 2pi × 10 MHz (dashed red curves).
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FIG. 8. (Color online) Same as Fig. 5 but the period of the
array is Λ = 2pi/βL = 745 nm and the field detuning is δ = 0
(solid blue curves) or 2pi × 10 MHz (dashed red curves).
guided-mode power indicates the reduction in the scat-
tering into the radiation modes with increasing number
of atoms under the Bragg resonance condition. It is a
result of the competition between different channels of
scattering. In the limit N → ∞, the solid blue curves
in Figs. 10(a), 10(b), and 10(c) approach the constant
nonzero values 0.543, 0.087, and 1, respectively. The
limiting values 0.087 and 1 for the solid blue curves in
Figs. 10(b) and 10(c), respectively, are in agreement with
Eqs. (61) and (64), respectively. The limiting value 0.543
for the solid blue curve in Fig. 10(a) is just the average
of the corresponding values for the solid blue curves in
Figs. 10(b) and 10(c). The reasons are that, on one hand,
a quasicircular polarization is a superposition of the x
and y polarizations and, on the other hand, there is no
coupling between the x- and y-polarized guided fields in
the linear scattering regime. It is clear that the total
guided-mode power Ptot in the case of the Bragg reso-
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FIG. 9. (Color online) Same as Fig. 6 but the period of the
array is Λ = 2pi/βL = 745 nm and the field detuning is δ = 0
(solid blue curves) or 2pi × 10 MHz (dashed red curves).
nance (solid blue lines) is larger than that in the nonreso-
nance case (dashed red lines). Thus, due to the Bragg res-
onance condition, the scattering into the radiation modes
is reduced.
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FIG. 10. (Color online) Normalized total power Ptot/Pinput
of the guided fields as a function of the number N of atoms in
the array in the cases where the probe field is quasicircularly
polarized (a), x polarized (b), and y polarized (c). The dis-
tance from the atoms to the fiber surface is r − a = 200 nm.
The period of the array is Λ = 498 nm (dashed red curves) or
Λ = 745 nm (solid blue curves). The field detuning is δ = 0.
Other parameters are as in Fig. 2.
In order to show the effect of the array period Λ on the
reflection and transmission, we plot in Fig. 11 the powers
Pfξ of the transmitted (left column) and reflected (mid-
dle column) quasilinearly polarized guided fields as well
as their total power Ptot =
∑
f Pfξ (right column) as
functions of Λ. The figure shows that both the trans-
mitted field power and the reflected field power have a
local maximum at the array period Λ = 745 nm, which
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satisfies the Bragg resonance condition for the field fre-
quency ωL = ω0. The coexistence of the local maxima of
the transmitted field power (the trasmittivity |TN |2) and
the reflected field power (the reflectivity |RN |2) at the
Bragg resonance is an interesting feature and is a result
of the competition between different scattering channels
in the presence of loss. The right column of Fig. 11 shows
that, at the Bragg resonance, the total power Ptot of the
transmitted and reflected guided fields achieves a maxi-
mum. This result indicates that the scattering from the
atoms into the radiation modes is suppressed due to the
Bragg resonance, in agreement with the numerical results
presented in Fig. 10. It is clear that, in the vicinity of
the Bragg resonance, the reflectivity of the y-polarized
guided field [see Fig. 11(e)] is larger than that of the x-
polarized guided field [see Fig. 11(b)]. The small magni-
tudes of Pfξ and Ptot in the upper row of Fig. 11 indicate
that most of the energy of the x-polarized guided field is
scattered into the radiation modes. The significant max-
imal magnitudes of the quantities plotted in Figs. 11(e)
and 11(f) indicate that, in the vicinity of the Bragg reso-
nance, most of the energy of the y-polarized guided field
is reflected. It is interesting to note that the linewidth
of the dependence of the reflectivity on the array period
Λ is on the order of a few nanometers. The reason is
that, when βL∆Λ ≪ 1, the Bragg resonance condition
βLΛ = nπ, with n = 1, 2, . . . , is not significantly devi-
ated.
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FIG. 11. (Color online) Powers Pfξ of the transmitted (left
column) and reflected (middle column) guided fields and their
total power Ptot (right column), normalized to the input-field
power Pinput, as functions of the array period Λ. The guided
probe field is quasilinearly polarized along the major principal
direction x (upper row) or the minor principal direction y
(lower row). The number of atoms in the array is N = 200.
The distance from the atoms to the fiber surface is r−a = 200
nm. The field detuning is δ = 0. Other parameters are as in
Fig. 2.
We now study the effect of the field detuning δ on the
reflection and transmission of guided light by the atomic
array. We plot in Fig. 12 the powers Pfξ of the transmit-
ted (left column) and reflected (middle column) quasilin-
early polarized guided fields as well as their total power
Ptot (right column) as functions of the field detuning δ.
This figure is calculated for the array period Λ = 745 nm,
which satisfies the Bragg resonance condition for the field
frequency ωL = ω0. The left and right columns of the fig-
ure show that the power of the transmitted field as well
as the total power of the guided fields have a local mini-
mum at the position of the atomic resonance δ = 0. This
behavior is opposite to the behavior around the Bragg
resonance in the Λ dependence (see the left and right
columns of Fig. 11). The fact that Ptot has a peak at
Λ = 745 nm for δ = 0 and a minimum at δ = 0 for
Λ = 745 nm means that the point (Λ = 745 nm, δ = 0)
is a saddle point in the two-dimensional profile of Ptot
with respect to the variables Λ and δ. The occurrence
of the local minimum of the total power of guided light
indicates the occurrence of the maximum of the power
of light scattered into the radiation modes. Figure 12(e)
shows that, when the input guided light is quasilinearly
polarized along the minor principal axis y, the scatter-
ing into the backward guided modes has a peak at the
exact atomic resonance. This behavior is similar to that
of the scattering into the radiation modes. Meanwhile,
we observe from Fig. 12(b) that, when the input guided
light is quasilinearly polarized along the major principal
axis x, the scattering into the backward guided modes
has a double-peak structure, with a flat-bottomed dip in
the vicinity of the exact atomic resonance. The height
of the plateau is |R∞|2 ≃ 0.087 < 1, in agreement with
Eq. (61).
We plot in Fig. 13 the reflectivity |RN |2 of the atomic
array as a function of the field detuning δ for three dif-
ferent values of the atom number N . The figure is cal-
culated for the array period Λ = 745 nm, which satis-
fies the Bragg resonance condition for the field frequency
ωL = ω0. Figure 13(a) shows that, in the case of x-
polarized guided fields, there is a plateau around the
point δ = 0. The height of the plateau does not de-
pend on the atom number N . However, the width of
the plateau increases with increasing N . The plateau is
surrounded by two regions where modulations of |RN |2
occur. The maximum value of |RN |2 is achieved outside
the plateau. Figure 13(b) shows that, in the case of y-
polarized guided fields, |RN |2 has a central peak at δ = 0.
The linewidth of the peak increases with increasing N .
In the limit N → ∞, the reflectivity |RN |2 approaches
unity. The numerical results shown in Fig. 13 are in
agreement with the analytical results of Sec. III B.
According to the previous section, in the neighborhood
of the Bragg resonance, band gaps may be formed when
the number of atoms N in the array is much larger than
the threshold atom number Ngap. For the parameters of
the nanofiber and the atoms used in our numerical calcu-
lations, we find Ngap ≃ 43, 000 and 33, 000 for the cases
of x- and y-polarized guided light fields, respectively. In
order to see the band gaps, we plot in Figs. 14 and 15
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FIG. 12. (Color online) Powers Pfξ of the transmitted (left
column) and reflected (middle column) guided fields and their
total power Ptot (right column), normalized to the input-field
power Pinput, as functions of the field detuning δ. The guided
probe field is quasilinearly polarized along the major principal
direction x (upper row) or the minor principal direction y
(lower row). The number of atoms in the array is N = 200.
The distance from the atoms to the fiber surface is r−a = 200
nm. The array period is Λ = 745 nm, which satisfies the
Bragg resonance condition for the field frequency ωL = ω0.
Other parameters are as in Fig. 2.
the reflectivity |RN |2 and the transmittivity |TN |2 of the
atomic array as functions of the field detuning δ for a
very large number of atoms, namely for N = 150, 000. In
addition, we plot in Fig. 16 the reflectivity |R∞|2 (upper
row) and the phase of the reflection coefficient R∞ (lower
row) of an infinite atomic array as functions of the field
detuning δ.
Figure 14 shows that, in the case of x-polarized guided
fields, in addition to a narrow plateau around the atomic
resonance δ = 0, there are two wide plateaus, one on
the left and one on the right. The left- and right-side
plateaus correspond to the photonic band gaps. They
extend from −∆max to −∆min and from ∆min to ∆max,
where ∆min and ∆max are given by Eqs. (71). We obtain
from Eqs. (71) the estimates ∆min = 2π × 1.19 GHz and
∆max = 2π× 2.16 GHz for the parameters of Fig. 14. In
the band gap regions, we have |RN |2 ≃ 1 and |TN |2 ≃ 0.
In the central plateau, we have |RN |2 ≃ 0.087 < 1, unlike
in the band gaps, and |TN |2 ≃ 0, like in the band gaps.
These estimates are in agreement with Eqs. (60) and (61).
The characteristic range of the central plateau is from
−δflat to δflat, where δflat =
√
γsγN/2 ≃ 2π × 111 MHz
[see the discussion at the end of the paragraph around
Eqs. (60) and (61)].
Figure 15 shows that, in the case of y-polarized guided
fields, there is a wide plateau around the atomic reso-
nance δ = 0. This plateau corresponds to the set of the
two photonic band gaps that extend from −∆max to 0
and from 0 to ∆max, where ∆max is given by Eq. (77).
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FIG. 13. (Color online) Reflectivity |RN |
2 of the atomic array
as a function of the field detuning δ for three different values
of the atom numberN . The guided probe field is quasilinearly
polarized along the major principal direction x (left column)
or the minor principal direction y (right column). The number
of atoms in the array is N = 400 (solid red lines), 800 (dashed
green lines), and 1600 (dotted blue lines). The distance from
the atoms to the fiber surface is r − a = 200 nm. The array
period is Λ = 745 nm, which satisfies the Bragg resonance
condition for the field frequency ωL = ω0. Other parameters
are as in Fig. 2.
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FIG. 14. (Color online) Reflectivity |RN |
2 (a) and transmit-
tivity |TN |
2 (b) of the atomic array as functions of the field
detuning δ for the atom number N = 150, 000. The guided
probe field is quasilinearly polarized along the major principal
direction x. The distance from the atoms to the fiber surface
is r − a = 200 nm. The array period is Λ = 745 nm. Other
parameters are as in Fig. 2.
We obtain from Eq. (77) the estimate ∆max = 2π × 1.46
GHz for the parameters of Fig. 15. In the band gap re-
gion, we have |RN |2 ≃ 1 and |TN |2 ≃ 0. The insets of
Figs. 15(a) and 15(b) show that there is a narrow and
low peak at the atomic resonance δ = 0, in agreement
with the result of Chang [55]. Since δlat = 0 in the case
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FIG. 15. (Color online) Same as Fig. 14 but the guided probe
field is quasilinearly polarized along the minor principal di-
rection y. The insets show the narrow peak structures around
the point δ = 0.
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FIG. 16. (Color online) Reflectivity |R∞|
2 (upper row) and
phase ϕR∞ of the reflection coefficient R∞ (lower row) of an
infinite atomic array as functions of the field detuning δ. The
guided probe field is quasilinearly polarized along the major
principal direction x (left column) or the minor principal di-
rection y (right column). The distance from the atoms to the
fiber surface is r − a = 200 nm. The array period is Λ = 745
nm. Other parameters are as in Fig. 2.
of Fig. 15, the atomic resonance δ = 0 is the common
edge of the two band gaps. When δlat 6= 0, the region of
detunings from 0 to δlat is excluded from the band gap
and we may observe clearly the separation between the
two band gaps [34].
Figures 16(a) and 16(b) show the reflectivity |R∞|2
of the array in the case of an infinite large number of
atoms. In this limit, we have |T∞|2 = 0. We observe
from Figs. 16(c) and 16(d) that the phase ϕR∞ of the
reflection coefficient R∞ increases with increasing field
detuning δ, that is, with increasing field frequency ωL, in
the band gap regions. The positive slope of the frequency
dependence of the phase ϕR∞ indicates the group delay
of the reflected guided field in the band gap regions. The
change of the phase ϕR∞ over the band gap is equal to
π for the gap width of about 2π × 1 GHz in the case of
Fig. 16(c) and is equal to 2π for the gap width of about
2π × 3 GHz in the case of Fig. 16(d). Hence, the group
delay τdelay = ϕ
′
R∞
(ω) is estimated to be about 0.5 and
0.3 ns in the cases of x- and y-polarized guided fields,
respectively.
We note that the numerical results for the band gaps
presented in Figs. 14 and 15 are of just academic inter-
est. One reason is that the formation of the band gaps
requires a very large number of atoms trapped in a lin-
ear array along the fiber. Another reason is that the
band gaps extend over a large region of frequency where,
in addition to the hyperfine level 6P3/2F
′ = 5 consid-
ered in this paper, the hyperfine levels 6P3/2F
′ = 4 and
6P3/2F
′ = 3 must also be accounted for. However, we
expect that the qualitative aspects of the band gap for-
mation remain valid under the condition of large detun-
ings.
V. SUMMARY
We have studied the propagation of guided light in an
array of multilevel cesium atoms with the transitions be-
tween the hyperfine levels 6S1/2F = 4 and 6P3/2F
′ = 5
of the D2 line outside a nanofiber. We have derived the
coupled-mode propagation equation, the input-output
equation, the scattering matrix, and the transfer matrix
in the linear, quasistationary, weak-excitation regime.
We have taken into account the complexity of the po-
larization of the guided field, the multilevel structure of
the atoms, and the discreteness of the atomic positions in
the array. The general solution of the input-output equa-
tion has been obtained. We have found that, when the
initial distribution of populations of atomic ground-state
sublevels is flat, the quasilinear polarizations along the
principal axes x and y, which are parallel and perpen-
dicular, respectively, to the radial direction of the atomic
position, are not coupled to each other in the linear co-
herent scattering process. Reflection and transmission
amplitudes have been calculated and analyzed in a va-
riety of cases. We found that, when the array period is
far from the Bragg resonance, the backward scattering
is very weak and modulates with increasing number of
atoms in the array. Such oscillations are the results of the
interference between the light waves reflected from differ-
ent atoms in the array. The modulation period is deter-
mined by the mismatch between the array period Λ and
the in-fiber half-wavelength λF /2 = π/βL of the probe
light. In the neighborhood of the Bragg resonance, most
of the guided light can be reflected back in a broad region
of field detunings even though there is an irreversible de-
cay channel into radiation modes. Due to the collective
effect and the Bragg resonance condition, the loss due to
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emission into radiation modes can be suppressed. When
the input guided light is quasilinearly polarized along the
major principal axis x, under the Bragg resonance condi-
tion, the frequency dependence of the reflectivity of the
atomic array has a double-peak structure, with a flat-
bottomed (plateau-shaped) dip in the vicinity of the ex-
act atomic resonance. The value of the reflectivity of
this central plateau area does not depend on the number
of atoms, the field detuning, and the dipole matrix ele-
ments, and is determined just by the ratio between the
longitudinal and radial components of the guided-mode
profile function. When the input guided light is quasi-
linearly polarized along the minor principal axis y, under
the Bragg resonance condition, the frequency dependence
of the reflectivity of the atomic array has a broad peak
at the atomic resonance. When the atom number is large
enough, two different band gaps may be formed. When
the input guided light is quasilinearly polarized along the
major principal axis x, the two band gaps are well sepa-
rated from each other. However, when the input guided
light is quasilinearly polarized along the minor principal
axis y, the two band gaps are, in general, close to each
other, and have a common edge when the atomic reso-
nance coincides with the Bragg resonance.
We emphasize that incoherent scattering into guided
modes is not accounted for in our formalism. Because
of this limitation, our results are valid only in the cases
where coherent scattering is dominant to incoherent scat-
tering. When the array period is not far away from the
Bragg resonance condition, due to the collective enhance-
ment, coherent scattering is significant. Our results are
meaningful in this case.
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Appendix A: Guided modes of a nanofiber
Consider a nanofiber that is a silica cylinder of radius
a and refractive index n1 and is surrounded by an in-
finite background medium of refractive index n2, where
n2 < n1. The radius of the nanofiber is well below a
given free-space wavelength λ of light. Therefore, the
nanofiber supports only the hybrid fundamental modes
HE11 corresponding to the given wavelength λ [50]. For
a fundamental guided mode HE11 of a light field of fre-
quency ω (free-space wavelength λ = 2πc/ω and free-
space wave number k = ω/c), the propagation constant
β is determined by the fiber eigenvalue equation [50]
J0(ha)
haJ1(ha)
= −n
2
1 + n
2
2
2n21
K ′1(qa)
qaK1(qa)
+
1
h2a2
−
[(
n21 − n22
2n21
K ′1(qa)
qaK1(qa)
)2
+
β2
n21k
2
(
1
q2a2
+
1
h2a2
)2 ]1/2
. (A1)
Here, the parameters h = (n21k
2 − β2)1/2 and q = (β2 −
n22k
2)1/2 characterize the fields inside and outside the
fiber, respectively. The notations Jn and Kn stand for
the Bessel functions of the first kind and the modified
Bessel functions of the second kind, respectively.
According to [50], the cylindrical-coordinate vector
components of the profile function e(r) of the electric
part of the fundamental guided mode that propagates in
the forward (+zˆ) direction and is counterclockwise qua-
sicircularly polarized are given, for r < a, by
er = iC
q
h
K1(qa)
J1(ha)
[(1 − s)J0(hr) − (1 + s)J2(hr)],
eϕ = −C q
h
K1(qa)
J1(ha)
[(1 − s)J0(hr) + (1 + s)J2(hr)],
ez = C
2q
β
K1(qa)
J1(ha)
J1(hr), (A2)
and, for r > a, by
er = iC[(1− s)K0(qr) + (1 + s)K2(qr)],
eϕ = −C[(1− s)K0(qr) − (1 + s)K2(qr)],
ez = C
2q
β
K1(qr). (A3)
Here, the parameter s is defined as
s =
1/h2a2 + 1/q2a2
J ′1(ha)/haJ1(ha) +K
′
1(qa)/qaK1(qa)
. (A4)
The parameter C is the normalization coefficient. We
take C to be a positive real number and use the normal-
ization condition∫ 2pi
0
dϕ
∫ ∞
0
n2ref |e|2r dr = 1. (A5)
Here, nref(r) = n1 for r < a, and nref(r) = n2 for r > a.
We label quasicircularly polarized fundamental guided
modes HE11 by using a mode index µ = (ω, f, l), where
ω is the mode frequency, f = +1 or −1 (or simply + or
−) denotes the forward (+zˆ) or backward (−zˆ) propaga-
tion direction, respectively, and l = +1 or −1 (or simply
+ or −) denotes the counterclockwise or clockwise circu-
lation, respectively, of the transverse component of the
polarization around the axis +zˆ. In the cylindrical co-
ordinates, the components of the profile function e(µ)(r)
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of the electric part of the quasicircularly polarized fun-
damental guided mode µ are given by
e(µ)r = er,
e(µ)ϕ = leϕ,
e(µ)z = fez. (A6)
Consequently, the profile function of the quasicircularly
polarized mode (ω, f, l) can be written as
e(ωfl) = rˆer + lϕˆeϕ + f zˆez, (A7)
where the notations rˆ = xˆ cosϕ+ yˆ sinϕ, ϕˆ = −xˆ sinϕ+
yˆ cosϕ, and zˆ stand for the unit basis vectors of the cylin-
drical coordinate system {r, ϕ, z}. Here, xˆ and yˆ are the
unit basis vectors of the Cartesian coordinate system for
the fiber transverse plane xy.
We introduce the notations V0 = Vz and V±1 =
∓(Vx±iVy)/
√
2 for the spherical tensor components of an
arbitrary vector V. Due to the properties of the guided-
mode profile functions [50], we can represent the spherical
tensor components e
(ωfl)
q of the profile function e(ωfl) of
the quasicircularly polarized guided mode (ω, f, l) in the
form
e(ωfl)q = f
1+qeiq(ϕ−pi/2)|eql|. (A8)
Here, we have introduced the notations
|e0| = |ez|,
|e+1| = |er| − |eϕ|√
2
,
|e−1| = |er|+ |eϕ|√
2
. (A9)
We note that expression (A7) for the mode profile func-
tion e(ωfl) does not include the phase factor eifβz+ilϕ,
which is present in the full expression for the electric part
of the guided field in a quasicircularly polarized mode.
Indeed, the electric part E
(ωfl)
circ of the guided field in the
quasicircularly polarized mode (ω, f, l) is given by [50]
E
(ωfl)
circ = A(rˆer + lϕˆeϕ + f zˆez)e
ifβz+ilϕ, (A10)
where the coefficient A is determined by the power of the
field.
Quasilinearly polarized guided modes are linear su-
perpositions of quasicircularly polarized guided modes.
The profile functions of quasilinearly polarized modes
(ω, f, ξ), where ξ = x or y, are given by
e(ωfx) =
√
2(rˆer cosϕ+ iϕˆeϕ sinϕ+ f zˆez cosϕ),
e(ωfy) =
√
2(rˆer sinϕ− iϕˆeϕ cosϕ+ f zˆez sinϕ). (A11)
The electric part E
(ωfξ)
lin of the guided field in a quasilin-
early polarized mode (ω, f, ξ) is given by [50]
E
(ωfξ)
lin = Ae
(ωfξ)eifβz. (A12)
We now examine the coefficients of spontaneous emis-
sion from a multilevel atom in the vicinity of a nanofiber
into the guided modes. We use the notations |e〉 and |g〉
for the magnetic sublevels of the atom. The coefficients
Gωfleg =
√
ωβ′
4πǫ0h¯
(
deg · e(ωfl)
)
ei(fβz+lϕ) (A13)
with l = + or − characterize the coupling of the atomic
transitions |e〉 ↔ |g〉 with the quasicircularly polarized
guided modes (ω, f, l), and the coefficients
Gωfξeg =
√
ωβ′
4πǫ0h¯
(
deg · e(ωfξ)
)
eifβz (A14)
with ξ = x or y characterize the coupling of the atomic
transitions |e〉 ↔ |g〉 with the quasilinearly polarized
guided modes (ω, f, ξ). Here, the notation β′ stands for
the derivative of the propagation constant β with respect
to the frequency ω, and the notation deg stands for the
atomic dipole matrix element.
According to Ref. [49], the spontaneous emission from
the atom into the guided modes of the nanofiber affects
the evolution of the reduced density matrix of the atom
through the set of decay coefficients
γ
(gyd)
ee′gg′ =
∑
f=+,−
γ
(f)
ee′gg′ ,
γ
(gyd)
ee′ =
∑
f=+,−
γ
(f)
ee′ . (A15)
Here, we have introduced the notations
γ
(f)
ee′gg′ =
∑
l=+,−
γ
(fl)
ee′gg′ =
∑
ξ=x,y
γ
(fξ)
ee′gg′ ,
γ
(f)
ee′ =
∑
l=+,−
γ
(fl)
ee′ =
∑
ξ=x,y
γ
(fξ)
ee′ , (A16)
where
γ
(fp)
ee′gg′ = γ
(fpfp)
ee′gg′ ,
γ
(fp)
ee′ = γ
(fpfp)
ee′ , (A17)
with
γ
(fpf ′p′)
ee′gg′ = 2πGω0fpegG
∗
ω0f ′p′e′g′ , (A18a)
γ
(fpf ′p′)
ee′ =
∑
g
γ
(fpf ′p′)
ee′gg . (A18b)
According to Eq. (1), only one spherical tensor com-
ponent d
(q)
eg ≡ (deg)q of the dipole vector deg, with
q = Me − Mg = −1, 0, or 1, is nonzero. Hence, we
obtain the formula
Gωfleg = f
1+qe−iqpi/2eifβzei(l−q)ϕ
√
ωβ′
4πǫ0h¯
d(q)eg |e−ql|.
(A19)
From Eq. (A8), we find
e(ωfl)q = (−1)qe2iqϕe(ωfl¯)−q , (A20)
21
where l¯ = −l. On the other hand, when we use the
properties of the Clebsch-Gordan coefficients and Eq. (1),
we find
d(q)eg = (−1)F−F
′+1d
(q¯)
e¯g¯ , (A21)
where e¯ and g¯ are the levels |F ′,−Me〉 and |F,−Mg〉,
respectively, q =Me−Mg, and q¯ = −q. Then, we obtain
the relation
Gωfleg = (−1)F−F ′+1+Me−Mge−2i(Me−Mg−l)ϕGωfl¯e¯g¯,
(A22)
which leads to
GωflegG
∗
ωf ′l′eg = e
2i(l−l′)ϕGωfl¯e¯g¯G
∗
ωf ′ l¯′ e¯g¯. (A23)
Appendix B: Radiation modes of a nanofiber
For the radiation modes, we have −kn2 < β < kn2.
The characteristic parameters for the field in the inside
and outside of the fiber are h =
√
k2n21 − β2 and q =√
k2n22 − β2, respectively. The mode functions of the
electric parts of the radiation modes ν = (ωβml) [50] are
given, for r < a, by
e(ν)r =
i
h2
[
βhAJ ′m(hr) + im
ωµ0
r
BJm(hr)
]
,
e(ν)ϕ =
i
h2
[
im
β
r
AJm(hr)− hωµ0BJ ′m(hr)
]
,
e(ν)z = AJm(hr), (B1)
and, for r > a, by
e(ν)r =
i
q2
∑
j=1,2
[
βqCjH
(j)′
m (qr) + im
ωµ0
r
DjH
(j)
m (qr)
]
,
e(ν)ϕ =
i
q2
∑
j=1,2
[
im
β
r
CjH
(j)
m (qr) − qωµ0DjH(j)′m (qr)
]
,
e(ν)z =
∑
j=1,2
CjH
(j)
m (qr). (B2)
Here, H
(j)
m with m = 0,±1,±2, . . . and j = 1, 2 is the
Hankel function of the m-th order and the j-th kind,
and A and B as well as Cj and Dj with j = 1, 2 are
coefficients. The coefficients Cj and Dj are related to
the coefficients A and B as [56]
Cj = (−1)j iπq
2a
4n22
(ALj + iµ0cBVj),
Dj = (−1)j−1 iπq
2a
4
(iǫ0cAVj −BMj), (B3)
where
Vj =
mkβ
ah2q2
(n22 − n21)Jm(ha)H(j)∗m (qa),
Mj =
1
h
J ′m(ha)H
(j)∗
m (qa)−
1
q
Jm(ha)H
(j)∗′
m (qa),
Lj =
n21
h
J ′m(ha)H
(j)∗
m (qa)−
n22
q
Jm(ha)H
(j)∗′
m (qa).
(B4)
We specify two polarizations by choosing B = iηA and
B = −iηA for l = + and l = −, respectively. We take
A to be a real number The orthogonality of the modes
requires∫ 2pi
0
dϕ
∫ ∞
0
n2ref
[
e(ν)e(ν
′)∗
]
β=β′,m=m′
rdr
= Nνδll′δ(ω − ω′). (B5)
This leads to
η = ǫ0c
√
n22|Vj |2 + |Lj |2
|Vj |2 + n22|Mj |2
. (B6)
The constant Nν is given by
Nν =
8πω
q2
(
n22|Cj |2 +
µ0
ǫ0
|Dj |2
)
. (B7)
We use the normalization Nν = 1.
We now examine the coefficients of spontaneous emis-
sion from a multilevel atom in the vicinity of a nanofiber
into the radiation modes. We use the notations |e〉 and
|g〉 for the magnetic sublevels of a multilevel atom in
the vicinity of the nanofiber. According to Ref. [49], the
spontaneous emission from the atom into the radiation
modes of the nanofiber affects the evolution of the atomic
reduced density matrix through the set of decay coeffi-
cients
γ
(rad)
ee′gg′ = 2π
∑
ml
∫ k0n2
−k0n2
dβ Gν0egG
∗
ν0e′g′ ,
γ
(rad)
ee′ = 2π
∑
mlg
∫ k0n2
−k0n2
dβ Gν0egG
∗
ν0e′g. (B8)
Here, ν0 = (ω0, β,m, l) labels resonant radiation modes
and
Gνeg =
√
ω
4πǫ0h¯
(
deg · e(ν)
)
ei(βz+mϕ) (B9)
characterizes the coupling of the atomic transition |e〉 ↔
|g〉 with the radiation mode ν = (ω, β,m, l).
Appendix C: Properties of the scattering matrix
In this appendix, we discuss the properties of the
single-atom guided-field scattering matrix S, given by
Eq. (21). For this purpose, we calculate the matrix el-
ements Sfξf ′ξ′ of S in the mode basis formed by the
quasilinearly polarized modes with the indices f = ±
and ξ = x, y. We assume that the atom is positioned on
the x axis, that is, the coordinates of the atomic array
in the fiber transverse plane are (x = x0, y = 0). We
consider the case where the initial population distribu-
tion pg is flat. With an appropriate choice of the phase
of the mode functions, the coupling coefficients Gωfξeg in
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the mode polarization basis ξ = x, y can be expressed
in terms of the coupling coefficients Gωfleg in the mode
polarization basis l = +,− as
Gωfxeg = 1√
2
(Gωf+eg + Gωf−eg),
Gωfyeg = 1
i
√
2
(Gωf+eg − Gωf−eg). (C1)
Then, Eq. (21) yields
Sfxf ′x =
f
(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
+ G∗f−egGf ′−eg + G∗f+egGf ′−eg + G∗f−egGf ′+eg),
Sfyf ′y =
f
(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
+ G∗f−egGf ′−eg − G∗f+egGf ′−eg − G∗f−egGf ′+eg),
Sfxf ′y =
f
i(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
− G∗f−egGf ′−eg − G∗f+egGf ′−eg + G∗f−egGf ′+eg),
Sfyf ′x = − f
i(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
− G∗f−egGf ′−eg + G∗f+egGf ′−eg − G∗f−egGf ′+eg),
(C2)
where Gfleg = GωLfleg.
We note that the z-independent coupling coefficients
Gωfpeg and the z-dependent coupling coefficients Gωfpeg
are related to each other via the formula
Gωfpeg =
1√
2π
Gωfpegeifβz. (C3)
In terms of the z-independent coupling coefficients
Gωfpeg , Eq. (A18a) for the coefficients γ(fpf
′p′)
ee′gg′ of spon-
taneous emission into guided modes can be rewritten as
γ
(fpf ′p′)
ee′gg′ = Gω0fpegG∗ω0f ′p′e′g′ei(f−f
′)β0z. (C4)
For an individual atomic transition |e〉 → |g〉 and an indi-
vidual guided mode fp, the rate of spontaneous emission
is given by
γ(fp)eg = Gω0fpegG∗ω0fpeg. (C5)
We insert expression (C3) into Eq. (A23) and apply
the summation over eg to the result. In addition, we
take the azimuthal angle ϕ = 0, which corresponds to
the atom on the axis x. Then, we find∑
eg
G∗flegGf ′l′eg =
∑
eg
G∗f l¯egGf ′ l¯′eg. (C6)
Due to the above property, we find from Eqs. (C2) the
relation
Sfxf ′y = Sfyf ′x = 0. (C7)
Thus, the quasilinear polarizations along the principal
axes x and y, which are parallel and perpendicular, re-
spectively, to the radial direction of the atomic position,
are not coupled to each other in the linear coherent scat-
tering process.
In addition to Eq. (C7), we find from Eqs. (C2) the
following expressions for the nonzero matrix elements
Sfxf ′x and Sfyf ′y of the scattering matrix:
Sfxf ′x =
2f
(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
+ G∗f+egGf ′−eg),
Sfyf ′y =
2f
(γ − 2iδ)(2F + 1)
∑
eg
(G∗f+egGf ′+eg
− G∗f+egGf ′−eg). (C8)
When we insert Eq. (C3) into Eq. (A19), we obtain the
explicit expression
Gfleg = f1+qe−iqpi/2
√
ωL
2ǫ0h¯vg
d(q)eg |e−ql|, (C9)
which yields
G∗flegGf ′l′eg = (ff ′)1+q
ωL
2ǫ0h¯vg
|d(q)eg |2|e−ql||e−ql′ |. (C10)
Inserting expression (C10) into Eqs. (C8), we find
Sfxf ′x =
f
(γ − 2iδ)(2F + 1)
ωL
ǫ0h¯vg
×
∑
egq
(ff ′)1+q|d(q)eg |2(|e−q|2 + |e−q||eq|),
Sfyf ′y =
f
(γ − 2iδ)(2F + 1)
ωL
ǫ0h¯vg
×
∑
egq
(ff ′)1+q|d(q)eg |2(|e−q|2 − |e−q||eq|).(C11)
Furthermore, with the help of Eqs. (A9), we can show
that
|e−q|2 + |e−q||eq| =


2|ez|2 if q = 0,
|er|2 + |er||eϕ| if q = 1,
|er|2 − |er||eϕ| if q = −1,
(C12)
and
|e−q|2−|e−q||eq| =


0 if q = 0,
|eϕ|2 + |er||eϕ| if q = 1,
|eϕ|2 − |er||eϕ| if q = −1.
(C13)
Hence, we find
Sfxf ′x =
f
(γ − 2iδ)(2F + 1)
ωL
ǫ0h¯vg
∑
eg
[
2ff ′|d(0)eg |2|ez|2
+
(|d(1)eg |2 + |d(−1)eg |2)|er|2],
Sfyf ′y =
f
(γ − 2iδ)(2F + 1)
ωL
ǫ0h¯vg
×
∑
eg
(|d(1)eg |2 + |d(−1)eg |2)|eϕ|2. (C14)
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The above expressions show that any dipole-allowed
atomic transitions (with Me − Mg = 0,±1) can con-
tribute to Sfxf ′x but the π-type atomic transitions (with
Me−Mg = 0) cannot contribute to Sfyf ′y. The summa-
tion rule for the dipole matrix elements of the transitions
between the hyperfine manifolds F and F ′ of the ground
state |nJ〉 and excited state |n′J ′〉, respectively, is [48]
∑
eg
|d(q)eg |2 =
1
3
D2FF ′ , (C15)
where q = 0,±1 is the label for the spherical tensor com-
ponents of the electric dipole vector and DFF ′ is the re-
duced matrix element of the electric dipole operator of
the atom in the F basis. The expression forDFF ′ is given
by
D2FF ′ = (2F + 1)(2F
′ + 1)
{
F 1 F ′
J ′ I J
}2
〈J‖d‖J ′〉2.
(C16)
Here, 〈J‖d‖J ′〉 is the reduced matrix element of the elec-
tric dipole operator of the atom in the J basis. With
the help of the summation rule (C15), we can rewrite
Eqs. (C14) as
Sfxf ′x =
f
(γ − 2iδ)(2F + 1)
2ωLD
2
FF ′
3ǫ0h¯vg
× (|er|2 + ff ′|ez|2),
Sfyf ′y =
f
(γ − 2iδ)(2F + 1)
2ωLD
2
FF ′
3ǫ0h¯vg
|eϕ|2. (C17)
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